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Outline

? Lecture I: Nuclear Many-Body Theory

. Disclaimer

. Basic facts on nuclear forces

. Untying the Gordian knot of Nuclear Physics

. The nuclear hamiltonian

. Introduction to Nuclear Many-Body Theory (NMBT)

? Lecture II: Nucleon Green’s function and nuclear response at low to
moderate momentum transfer

? Lecture III: Electron and neutrino cross section in the impulse
approximation and beyond
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Disclaimer

? Bottom line: there is no such thing as a ab initio method to describe the
properties of atomic nuclei.

? In the low-energy regime, the fundamental theory of strong interactions
(QCD) is nearly intractable already at the level required for the
description of hadrons, let alone nuclei

? Nuclei are described in terms of
effective degrees of freedom,
protons and neutrons, and
effective interactions, mainly
meson exchange processes

? As long as their size is small
compared to the relative distance,
treating nucleons as individual
particles appears to be reasonable
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The paradigm†

? Nucleons behave as non relativistic particles, the dynamics of which are
described by the hamiltonian

H =

A∑
i=1

k2
i

2m
+

A∑
i<j=1

vij + . . . ,

where vij is nucleon-nucleon (NN) interaction potential, and the ellipses
refer to the possible occurrence of forces involving more thah two
nucleons (to be discussed at a later stage)

? The main qualitative features of the potential vij can be deduced from
nuclear systematics (binding energies, charge-density distributions,
energy spectra . . . )

†Paradigm: a phylosophical or theoretical framework of any kind (Merriam-Webster).
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Binding energies and charge-density distributions

? The observation that the nuclear
binding energy per nucleon is
roughly the same for A> 20 , its
value being ∼ 8.5 MeV , suggests
that the range of the NN
interaction is short compared to
the nuclear radius.

? The observation that the
charge-density in the nuclear
interior is constant and
independent of A indicates that
the NN forces become strongly
repulsive at short distance
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Isotopic invariance

? The spectra of mirror nuclei, e.g.
35
18Ar and 35

17Cl are identical, up to
small electromagnetic corrections

? Nuclear forces exhibit charge
independence, which is a
manifestation of a more general
property: isotopic invariance

? Neglecting the small mass difference, nucleons can be seen as two states
of the same particle, the nucleon, specified by their isospin, τ3 = ±1/2.

? The force acting between two nucleons depends on the total isospin of
the pair, T = 0 or 1, but not on its projection T3.
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Untying the Gordian‡ knot of nuclear physics

? In principle, the form of the potential may be accurately determined
through a fit to the large database of nuclear properties.

? The calculations needed to obtain these quantities necessarily involve
approximations, casting a strong bias on the underlying models of
nuclear interactions.

? The inextricable tie between the
uncertainty associated with the
nuclear hamiltonian and that
arising from the solution of the
nuclear many-body problem can
be severed determining the
nuclear hamiltonian from the
properties of exaxtly solvable
few-nucleon systems.
‡A metaphor for an apparently intractable problem solved by thinking “out of the box”.
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The NN force: Yukawa’s theory (AD 1935)

? NN interaction mediated by a particle of mass µ ∼ 1 fm−1 = 200 MeV ,
to be later identified with the π-meson, or pion

? The pion, discovered in 1947, is a
pseudoscalar (spin-parity 0−)
particle of mass mπ ≈ 140 MeV

? The three charge states of the
pion, π± and π0, form the isospin
triplet π

? Simplest πN interaction
lagrangian compatible with the
observation that NN interactions
conserve parity

LY = igNγ5τNπ

N(p2)

N(p2´) N(p1´)

N(p1)

π

N =

(
p
n

)
, π =


(π+ + iπ−)/

√
2

(π+ − iπ−)/
√

2
π0

 .
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The one-pion-exchange (OPE) potential

? Potential extracted from the non relativistic reduction of the NN
amplitude, at 2nd order in LY

vπ =
g2

4m2 (τ1 · τ2)(σ1 · ∇)(σ2 · ∇)
e−mπr

r

=
g2

(4π)2

m3
π

4m2

1
3

(τ1 · τ2)
{[

(σ1 · σ2) + S12

(
1 +

3
x

+
3
x2

)]
e−x

x

−
4π
m3
π

(σ1 · σ2)δ(3)(r)
}
,

S12 =
3
r2 (σ1 · r)(σ2 · r) − (σ1 · σ2) ,

? Note that the potential is spin dependent and non sperically symmetric
? For g2/4π ≈ 14 the above potential provides a reasonable description of

NN scattering in states of high angluar momentum, driven by long-range
interactions
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Phenomenological potential models

? Phenomenological potentials describing the full NN interaction can be
written in the form

v = vS + vI + ṽπ

where ṽπ is the OPE potential, stripped of the δ-function contribution

? State-of-the-art NN potential models include momentum-dependent and
charge-symmetry breaking terms. The widely used ANL v18 potential is
written in the form

v12 =
∑

p=1,18

v(p)(r)O(p)
12

O(p)
12 = [11, (σ1 · σ2), S12,L · S,L2,L2(σ1 · σ2), (L · S)2] ⊗ [1, (τ1 · τ2)]

[11, (σ1 · σ2), S12] ⊗ T12 , and (τz1 + τz2)

T12 =
3
r2 (τ1 · r)(τ2 · r) − (τ1 · τ2)
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Phenomenological approach (continued)

? The phenomenological potentials reproduce the two-nucleon data, for
both bound and scattering states, by construction

? Phase shifts extracted from NN
scattering data

1.1 – Nuclear forces
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Figure 1.4. Comparison between the 1S0 and 1D2 phase shifts resulting from the
Nijmegen analysis [35] (open circles) and the predictions of the Argonne v18 (AV1
8) and one-pion-exchange (OPEP) potentials.

The calculations discussed in this Thesis are based on a widely employed poten-
tial model, obtained within the phenomenological approach outlined in this Section,
generally referred to as Argonne v18 potential [36]. It is written in the form

v(ij) =

18∑

n=1

vn(rij)O
n
ij . (1.22)

As an example of the quality of the phase shifts obtained from the Argonne
v18 potential, in Fig. 1.4 we show the results for the 1S0 and 1D2 partial waves,
compared with the predictions of the one-pion-exchange model (OPEP).

We have used a simplified version of the above potential, obtained including the
operators On≤8

ij , originally proposed in Ref.[37]. It reproduces the scalar part of the
full interaction in all S and P waves, as well as in the 3D1 wave and its coupling to
the 3S1.

The typical shape of the NN potential in the state of relative angular momen-
tum ! = 0 and total spin and isospin S = 0 and T = 1 is shown in Fig. 1.5. The
short-range repulsive core, to be ascribed to heavy-meson exchange or to more com-
plicated mechanisms involving nucleon constituents, is followed by an intermediate-
range attractive region, largely due to two-pion-exchange processes. Finally, at large
interparticle distance the one-pion-exchange mechanism dominates.

13

? Differential cross section in the
proton-neutron channel
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The NN potential in the 1S0 channel

? Phenomenological models2 S. Aoki et al. (HAL QCD Collaboration),

Fig. 1. Three examples of the modern NN potential in 1S0 (spin-singlet and S-wave) channel:

Bonn,6) Reid937) and Argonne v18.
8) Taken from Ref. 9).

The nuclear saturation, the nuclear shell structure, the nuclear superfluidity
and the structure of neutron stars are all related to the properties of the nuclear
force.13)–15) Furthermore, the hyperon-nucleon (Y N) and hyperon-hyperon (Y Y )
forces, whose information is still quite limited experimentally, are crucial to under-
stand the structure of hypernuclei and the core of the neutron stars. The three-
nucleon forces (and the three-baryon forces in general) are also important to under-
stand the binding energies of finite nuclei and the equation of state of dense hadronic
matter.

It has been a long-standing challenge in theoretical particle and nuclear physics
to extract the hadron-hadron interactions from first principle. A framework suitable
for such a purpose in lattice QCD was first proposed by Lüscher:16) For two hadrons
in a finite box with the size L × L × L under periodic boundary conditions, an
exact relation between the energy spectra in the box and the elastic scattering phase
shift at these energies has been derived. If the range of the hadron interaction R is
sufficiently smaller than the size of the box R < L/2, the behavior of the two-particle
Nambu-Bethe-Salpeter (NBS) wave function ϕ(r) in the interval R < |r| < L/2 is
sufficient to relate the phase shift and the two-particle spectrum. This Lüscher’s
finite volume method bypasses the difficulty to treat the real-time scattering process
on the Euclidean lattice. Furthermore, it utilizes the finiteness of the lattice box
effectively to extract the information of the on-shell scattering matrix and the phase
shift.

A closely related but a new approach to the hadron interactions from lattice QCD
has been proposed recently by three of the present authors9), 17), 18) and has been
developed extensively by the HAL QCD Collaboration. (Therefore the approach
is now called the HAL QCD method.) Its starting point is the same NBS wave
function ϕ(r) as discussed in Ref. 16). Instead of looking at the wave function
outside the range of the interaction, the authors consider the internal region |r| < R
and define an integral kernel (or the non-local “potential” in short) U(r, r′) from
ϕ(r) so that it obeys the Schrödinger type equation in a finite box. This potential
can be shown to be energy-independent by construction. Since U(r, r′) for strong

? Lattice QCD, mπ = 530 MeV
14 S. Aoki et al. (HAL QCD Collaboration),
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Fig. 2. (Left)The NN wave function for the spin-singlet and spin-triplet channels in the orbital A+
1

representation at mπ ! 529 MeV and a ! 0.137 fm in quenched QCD. The insert is a three-

dimensional plot of the spin-singlet wave function ϕW (x, y, z = 0). (Right) The NN (effective)

central potential for the spin-singlet (spin-triplet) channel determined from the orbital A+
1 wave

function. Both figures are taken from Ref. 18).

with λn(t) and vn(x, t) being the eigenvalues and corresponding eigenvectors of
R(x,y, t), respectively. Note that zero eigenvalues are removed in the above sum-
mation. Suppose we introduce a modified potential as

Û(x,y) = U(x,y) +
∑

λn=0

cnvn(x, t)v†
n(y, t). (3.29)

Then it satisfies the same Schrödinger equation for all possible values of cn, the
non-local potential is not unique as discussed before.

§4. NN potential from lattice QCD

.

4.1. Central potential in quenched QCD

Let us first show results in the quenched QCD, where creations and annihilations
of virtual quark-antiquark pairs are neglected: The standard plaquette gauge action
is employed on a 324 lattice at the bare gauge coupling constant β = 6/g2 = 5.7. This
corresponds to the lattice spacing a ! 0.137 fm (1/a = 1.44(2) GeV), determined
from the ρ meson mass in the chiral limit, and the physical size of the lattice L ! 4.4
fm.9) As for the quark action, the standard Wilson fermion action is used at three
different values of the quark mass corresponding to the pion mass mπ ! 731, 529, 380
MeV and the nucleon mass mN ! 1560, 1330, 1200 MeV, respectively.

Fig. 2(Left) shows the NBS wave functions for the spin-singlet and the spin-
triplet channels in the orbital A1 representation at mπ ! 529 MeV. These wave
functions are normalized to be 1 at the largest spatial point r ! 2.2 fm. The
central potential in the spin-singlet channel and the effective central potential in
the spin-triplet channel extracted from the wave functions at mπ ! 529 MeV are
shown in Fig. 2(Right). These potentials reproduce the qualitative features of the
phenomenological NN potentials, namely the repulsive core at short distance sur-

? Chiral perturbation theory provides an alternative scheme, allowing to
derive the two- and three-nucleon potentials within a framework
preserving the symmetries of QCD.
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Three-nucleon interactions

? Interactions involving more two nucleons arise as a consequence of the
internal structure of the participating particles

? The main contribution to the three
nucleon forces comes from the
Fujita-Miyazawa mechanism

? Phenomenological three-nucleon
potentials, written in the form

Vijk = V2π
ijk + VN

ijk

are determined through a fit to the
properties of the three-nucleon
system
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FIG. 3: Processes involving 3N contributions. The external
lines are valence neutrons. The dashed and thick lines denote
pions and ∆ excitations, respectively. Nucleon-hole lines are
indicated by downward arrows. The leading chiral 3N forces
include the long-range two-pion-exchange parts, diagram (f),
which take into account the excitation to a ∆ and other res-
onances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).

of the exchange diagram, Fig. 3 (d), where the neutrons
in the intermediate state have been exchanged and this
leads to the exchange of the final (or initial) orbital labels
j, m and j′, m′. Because this process reflects a cancella-
tion of the lowering of the SPE, the contribution from
Fig. 3 (d) has to be repulsive for two neutrons. Finally,
we can rewrite Fig. 3 (d) as the FM 3N force of Fig. 3 (e),
where the middle nucleon is summed over core nucleons.
The importance of the cancellation between Figs. 3 (a)
and (e) was recognized for nuclear matter in Ref. [22].

The process in Fig. 3 (d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated
in Fig. 4 (d). The resulting SPE evolution is shown in
Fig. 2 (c) for the G matrix formalism, where a standard
pion-N-∆ coupling [23] was used and all 3N diagrams of
the same order as Fig. 3 (d) are included. We observe
that the repulsive FM 3N contributions become signifi-
cant with increasing N and the resulting SPE structure
is similar to that of phenomenological forces, where the
d3/2 orbital remains high. Next, we calculate the SPE
from chiral low-momentum interactions Vlow k, including
the changes due to the leading (N2LO) 3N forces in chiral
EFT [24], see Figs. 3 (f)–(h). We consider also the SPE
where 3N-force contributions are only due to ∆ excita-
tions [25]. The leading chiral 3N forces include the long-
range two-pion-exchange part, Fig. 3 (f), which takes into
account the excitation to a ∆ and other resonances, plus
shorter-range 3N interactions, Figs. 3 (g) and (h), that
have been constrained in few-nucleon systems [26]. The
resulting SPE in Fig. 2 (d) demonstrate that the long-

range contributions due to ∆ excitations dominate the
changes in the SPE evolution and the effects of shorter-
range 3N interactions are smaller. We point out that
3N forces play a key role for the magic number N = 14
between d5/2 and s1/2 [27], and that they enlarge the
N = 16 gap between s1/2 and d3/2 [5].

The contributions from Figs. 3 (f)–(h) (plus all ex-
change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons in
the core. This is also motivated by recent coupled-cluster
calculations [28], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.

Finally, we take into account many-body correlations
by diagonalization in the valence space. The resulting
ground-state energies of the oxygen isotopes are pre-
sented in Fig. 4. Figure 4 (a) (based on phenomeno-
logical forces) implies that many-body correlations do
not change our picture developed from the SPE: The en-
ergy decreases to N = 16, but the d3/2 neutrons added
out to N = 20 remain unbound. Figures 4 (b) and (c)
give the energies derived from NN forces, using a G ma-
trix or low-momentum interactions Vlow k, and including
two-valence-neutron interactions due to 3N forces at the
monopole level [29]. For all results based on NN forces,
the energy decreases to N = 20 and the neutron drip-
line is incorrectly located at 28O. The changes due to 3N
forces based on ∆ excitations are highlighted in Fig. 4 (b)
and (c). This leads to a better agreement with the ex-
perimental energies and to a kink at N = 16, which is
further strengthened by shorter-range 3N forces, and for
Fig. 4 (c) leads to the neutron drip-line at 24O.

The same 3N forces lead to repulsion in neutron mat-
ter [30]. Our results are also consistent with early shell-
model explorations with 3N forces up to 21O, where
a small repulsive effect as in Figs. 4 (b) and (c) was
found [31]. Because the formation of a halo is unre-
alistic for the d3/2 orbital and s1/2 is well bound (see
Fig. 2 (b)), it seems unlikely that the ground states be-
yond N = 16 become bound by including the coupling
to the continuum. This is consistent with Ref. [32]. We
plan to study 3N-force effects on unbound states in the
future using the methods of Refs. [32, 33]. Fluorine iso-
topes have one more proton than oxygen, and NN forces,
primarily the tensor part, with this proton provide more
binding to the valence neutrons [20, 34]. This valence
proton-neutron effect is absent in the oxygen isotopes,
making the repulsive 3N mechanism visible. Important
directions for future work are to include the presented 3N
contributions in coupled-cluster calculations [35] and in
density-functional calculations, to systematically explore
the effect over the full range of the nuclear chart.

In summary, we have presented a robust 3N mecha-
nism that provides repulsive monopole interactions be-

Omar Benhar (INFN and “Sapienza”, Roma) NuSTEC Training, FNAL October 23, 2014 13 / 22



The nuclear many-body problem

? The starting point for the description of nuclear properties within the
Nuclear Many-Body Theory is the solution of the Schrödinger equation

H|Ψn〉 = En|Ψn〉

? Quantum Monte Carlo results are available for A ≤ 12.
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The main figure compares computed and
experimental energies of nuclear states.
The computations were made using just
the Argonne v18 (AV18) NN potential
and AV18 plus the Urbana-IX or the
Illinois-2 NNN potentials.
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Surfaces of density = 0.24 fm-3 in polarized deuteron states.  The distinctive
structures are induced by the strong tensor potentials which result from the
pion-exchange component of the nucleon-nucleon interaction.
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States that are above
particle emission thres-
hold should really be
computed as scattering
states.  This figure shows
the first few partial
waves for n+4He scatter-
ing; i.e. the low-lying
resonant states of the
unbound nucleus 5He.
The results are shown as
partial-wave cross sections.
The solid black curves
represent the experimental
data.  The J = 3/2-

resonance is well reproduced,
both in location and width.
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4,6,8He - AV18 + IL2 -  GFMC proton-proton distributions

4He
6He
8He

The proton-proton
two-body density in
4,6,8He is an indica-
tor of the size of the
alpha core of these
nuclei.  Many calcula-
tions assume this core is
not modified by the
additional neutrons.  Our
A-nucleon calculations
show a small, but signi-
ficant, suppression of
the peak density and
increase in the rms pp
radius.  This implies ~80
and ~350 keV excitations
of the alpha cores of
6,8He, respectively.
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There is an experimental
claim of a bound tetra-
neutron (4n).  Our Ham-
iltonian predicts at most
a (likely very broad) reson-
ance at +2 MeV.  The
figure shows attempts to
produce a 4n with nega-
tive energy by changing
the Hamiltonian.  Modi-
fication of the 1S0 poten-
tial gives a bound
dineutron and signifi-
cantly overbinds other
nuclei.  Adding a T=3/2
NNN potential doesn’t
effect 2n or 4He but
very much overbinds
heavier systems; in fact
6n becomes the most
stable A=6 system!  We
conclude that a bound
4n is very unlikely. -100 0 100 200 30010-11
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7Li(e,eʹ′p)6He(Jπ) - Argonne v18 + Urbana IX - VMC Wave Functions

6He(0+) × 10

6He(2+)

The shape and magnitude
of (e,eʹ′p) differential
cross sections are given
by the overlap of the
wave functions of the
target and residual
nuclear states.  This
normalization is usually
expressed as a spectro-
scopic factor.  In this
figure overlaps of 7- and
6-nucleon VMC wave
functions have been used
to directly compute the
overlap with no adjust-
ment to fit the data.
The resulting spectro-
scopic factors are 0.41
for the 0+ and 0.19 for
the 2+ states; consider-
ably smaller than conven-
tional (Cohen-Kurath)
shell-model values of
0.59 and 0.40.  This
reduction is due to the
strong short-range and
tensor correlations.
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Neutron drops are systems of
interacting nucleons bound in
an artificial external well
which may be thought of as
representing the protons of
a real nucleus.  By including
only neutrons in the calcula-
tion, the isospin degree of
freedom is suppressed and a
larger system can be studied
than for real nuclei (so far
14n which is much easier
than 12C, our biggest
nucleus).  This figure shows
results for a well chosen to
mimic the protons in oxygen.
The Nn energies are compared
with experimental N+8O
values; the Nn energies have
been shifted to match 8n to
16O. One can clearly see
the effects of nn pairing.
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6Li was produced in the
big bang by the alpha-
deuteron capture reaction
at energies of 20 to 200
keV, for which good data
does not exist.  This is
a VMC computation using
6-nucleon wave functions
of the rate, expressed as
the astrophysical S
factor.  The low-energy
Kiener data are indirect
and were extracted in a
model-dependent way
from 6Li dissociation on
208Pb; no theoretical
calculation gives a
constant S at low
energy.
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The density of 8Be(0+)
in the laboratory frame
is spherically symmetric
(left panel).  The one-
body structure of the
8Be(0+,2+,4+) states
consists of an alpha
particle and four p-shell
nucleons.  But strong
NN correlations shape the
p-shell nucleons into a
second alpha, which can
be seen in the body-fixed
frame (right panel).
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GFMC acts on a trial wave
function (ΨT) with
exp[-(H-E0)τ] where τ
is the imaginary time.
This filters excited-
state contamination out
of ΨT. The figure shows
energies from GFMC
propagation of 10B
states as functions of
τ, starting from the
VMC values at τ=0.
Solid and dashed lines
show the averages and
statistical errors used
in the main figure.  The
large and rapid change
for small τ indicates
that small admixtures of
highly excited (~1 GeV)
states are being removed.
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What Makes
Nuclear Level Structure?

GFMC Calculations
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The NN force is known from NN scattering data
to be very complicated, with, e.g., strong tensor and
spin-orbit terms.  The Argonne v18 potential (AV18)
is expressed as a sum of 18 operator terms.  This
poster explores the importance of this complicated
structure to nuclear binding energies and level
structures.  The right-most bars (green) show experi-
mental energies.  The red (IL2) bars represent our
best nuclear Hamiltonian which consists of the AV18
and the Illinois-2 NNN potentials; it gives a very
good fit to experiment.  Proceeding from the right to
left, the other bars show the results of progressive
simplifications of this Hamiltonian as described in the
next column.  In each simplification the potential is
modified to reproduce as well as possible low
angular-momentum NN scattering partial waves.

It is clear that one needs a complicated interaction,
including spin, isospin, tensor, spin-orbit, and
three-body terms, to reproduce important qualitative
features of light nuclear binding and excitation
energies.

This work has been published in R. B. Wiringa and
S. C. Pieper, Evolution of Nuclear Spectra with 
Nuclear Forces, Phys. Rev. Lett. 89, 182501 (2002);
a complete tabulation of results may be found at
http://www.phy.anl.gov/theory/fewbody/avxp_results.html,
and a Fortran subroutine for the potentials at
http://www.phy.anl.gov/theory/research/av18/av18pot.f.

AV18 - The NNN force is removed.  Nuclei are increasingly
         underbound as A or N-Z increases; the Borromean
         nuclei 6,8He are unbound.  The ground state of 10B is
         predicted to be 1+ instead of 3+. Some spin-orbit
         splittings are also too small.
AV8ʹ′ - Terms quadratic in L are removed from AV18.  This
         does not result in qualitative changes.
AV6ʹ′ - The L•S force is removed.  Spin-orbit pairs are almost
         degenerate.  6,7Li are, at best, marginally bound.
AV4ʹ′ - The tensor force is removed, leaving just central, σ•σ,
         τ•τ, and σ•σ τ•τ forces. The deuteron has no D-wave.
         8Be is bound, thus removing the A=8 mass gap.  S, L,
         and symmetry-state ([n]) all are good eigenvalues.  States
         of the same S, L, [n] but different J are degenerate.
AVXʹ′ - The same 4 operators as AV4ʹ′ but expressed as only
         central and space-exchange operators.  A number of pop-
         ular simplified NN forces have this structure.  The
         results are qualitatively similar to those for AV4ʹ′.
AV2ʹ′ - Only central and σ•σ terms.  This allows S=0
         and S=1 interactions to be different, but does not
         differentiate between even and odd L.  Thus the repul-
         sion of P waves is lost and binding energies do not
         saturate.  There is no A=5 mass gap.  Nuclear spectra
         are reversed with the lowest symmetry states becoming
         most bound.  Thus there are often degenerate ground
         states with different J.
AV1ʹ′ - A purely central potential that still retains a repul-
         sive core.  The Coulomb potential makes AHe the most
         stable A-body nucleus for A up to 10!
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Nuclear Many-Body Theory (NMBT)

? In principle, more complex calculations (i.e. involving different
observables and heavier nuclei) may be performed in perturbation theory,
setting

H = H0 + HI ,

H0 being the hamiltonian describing A non interacting nucleons.

? Problem: due to the nature of the NN potential, the matrix element of the
perturbaton between stets belonging to the base of eigenstates of H0

〈n0|HI |m0〉 , H0|n0〉 = En|n0〉

turn out to be large. Perturbative expansions are useless.

? Two possible solutions:

. Redefine the perturbing hamiltonian

. Redefine the basis
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Isospin-symmetric nuclear matter

? Isospin-symmetric nuclear matter (SNM) can be thought of as a giant
nucleus, with equal numbers of protons and neutrons interacting through
nuclear forces only.

? The understanding of SNM, besides being a useful intermediate step
towards the description of real nuclei, is needed to develop realistic
models of neutron star matter.

? The calculation of the properties of SNM is greatly simplified by
translational invariance

? Basis states

|n0〉 =
1
√

A!
det{ϕkστ(r)} , ϕkστ(r) =

1
√

V
ek·r χσητ ,

where V is the normalisation volume, while χ and η are the Pauli spinors
belonging to the spin and isospin space, respectively.

? In the ground state the momenta of the occupied states fulfill

|k| < kF = (3π2ρ/2)1/3 , ρ = A/V
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G-matrix perturbation theory

? Replace the bare NN potential
with the G − matrix , describing
NN scattering in the nuclear
medium

v→ G(e) = v − v
Q
e

G = v Ω

G v
= + + + ...

? The expansion in powers of matrix elements of the operator
ζ = 1 −Ω turns out to be convergent

? Rate of convergence not fully established

? Treatment of three-nucleon forces involves non trivial problems
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Correlated Basis Function (CBF) perturbation theory

? Replace the basis states of the non interacting system with the set of
correlated states

|n〉 =
F|n0〉

〈n0|F†F|n0〉

1/2

F = S Πj>i fij , fij =
∑

p

f (p)(rij)O
(p)
ij , [fij, fjk] , 0

? Perturbing hamiltonian defined in terms of matrix elements in the
correlated basis

H = H0 + HI

〈m|H0|n〉 = δmn〈m|H|n〉 , 〈m|HI |n〉 = (1 − δmn)〈m|H|n〉

? If the correlated states have large overlaps with the true eigenstates of the
hamniltonian, the perturbative expansion in powers of HI is rapidly
convergent
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Cluster expansion and FHNC summation scheme

? The calculation of matrix elements of many-body operators between
correlated states involves prohibitive difficulties

? The cluster expansion formalism (consider the ground state expectation
value of the hamiltonian, as an exmple)

〈0|H|0〉 =
k2

F

2m
+

∑
n

(∆E)n

(∆E)n is the contribution arising from subsystem (clusters) consisting of
n nucleons

? The terms of the cluster expansion are represented by diagrams, that can
be classified according to their topological structure and summed to all
orders solving a set of integral equations, called
Fermi-Hyper-Netted-Chain (FHNC) equations
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Correlation functions

? The shapes of the
correlation functions
f (p)(r) are determined
solving a set of
Euler-Lagrange
equations, resulting from
the minimization of the
hamiltonian expectation
value in the correlated
ground state

EV = min 〈0|H|0〉 ≥ E0

38 EQUATION OF STATE FOR DENSE NUCLEON MATTER 1013

must give a good representation of the full many-body
wave function and the expectation value of the Hamil-
tonian must be accurately evaluated.
We construct +, from a symmetrized product of two-

body correlation operators acting on an unperturbed
ground-state:

0.8

04

NUCLEAR
——-NEUTRON

SQF; (3.2}

where for nuclear matter 4 is the antisymmetrized
Fermi-gas wave function:

0

4= A g exp(ik, . r, ) . (3.3)
-0.04—',

The correlation operator F," represents the correlations
induced by the complicated two-nucleon potential, so in
nuclear matter it is written as

-0.08 l

2
f (fm)

8

F,J——g f~(r;J.;d, a )1'"0/~,
p=1

(3 4)

where the Oi' are the first eight operators used in Eq.
(2.1} and di', ai', and P' are variational parameters. In
neutron matter, because isospin-dependent forces are not
distinguishable from their isospin-independent partners,
only the four odd-numbered correlations are necessary.
The radial functions f~(r} are generated by solving a set
of eight (or four) coupled differential equations that mini-
mize the two-body cluster contribution of a quenched po-
tential v;J = gatv~(r, , ) subject to the boundary condi-
tion

(3.5)

Eq. (3.4) suggests up to 30 variational parameters might
be used (eight each for d and p' and 14 for a&) but in
practice this number is reduced to three or five, as dis-
cussed below. A representative picture of the most im-
portant correlations is shown in Fig. 3: f', f ', and f"
in nuclear matter and f', f, and f' in neutron matter.
Expectation values of the full Hamiltonian for this

correlation operator trial function are evaluated in a di-
agrammatic cluster expansion with the aid of
FHNC- SOC integral equations. The details of this
method for central, spin, tensor, and isospin two-body
potentials and correlations (p = 1—6) are reviewed in Ref.
14 and extended to spin-orbit terms (p =7—8) in Ref. 15
and to l. and (l. g potentials (p=9—14) in Ref. 2. The
evaluation of three-body potentials is discussed in Ref. 4.
The kinetic energy is evaluated with both the
Pandharipande-Bethe (PB) and Jackson-Feenburg (JF)
forms. ' The energies reported here are the average of
PB and JF evaluations.
In the diagrammatic cluster expansion, use is made of

the feature that the correlations are short ranged ( &d")
and that the noncentral correlations f~~' are all small
(typically & 0.05). All two-body cluster contributions are
evaluated exactly. The effect of central correlations be-
tween an interacting pair and other particles is summed
by the Fermi hypernetted chains, ' which include three-
body clusters exactly and higher contributions of infinite

FIG. 3. Correlations in nucleon matter: the solid lines corre-
spond to f', f ', and f"in nuclear matter, while the dashed
lines give f', f, and f' in neutron matter. Both sets are for
AV14 plus UVII at p =0.15 fm

order in particle number. The effect of noncentral corre-
lations is more difficult to compute because of the non-
commuting nature of the O~. The leading contributions
of the spin, tensor, and isospin correlations to any many-
body cluster can be evaluated, however, with single-
operator chains and careful attention to "separable" dia-
grams. ' A total of 29 (14) coupled nonlinear integral
equations are solved iteratively in nuclear (neutron)
matter with the FHNC-SOC method. Spin-orbit corre-
lations cannot be chained and are evaluated at the three-
body cluster level. '
The accuracy and convergence of the diagrammatic

cluster expansion has been studied' by evaluating several
classes of higher-order terms. The convergence is good
enough at normal nuclear densities (p= 1—2 p„) that the
higher-order terms (which require significant computa-
tional effort) have generally been neglected. However, re-
cent studies of the proton-proton structure function in
nuclear matter for application to inelastic electron
scattering, ' combined with the higher densities studied
in this work, suggest the necessity of incorporating
several classes of higher-order terms. These include
multiple-operator chains and rings, double single-
operator chains, chain-ring diagrams, and separable dia-
grams and vertex corrections in exponential form. By
careful selection of the most important terms, the added
computation has been kept to a minimum. The technical
details of these added terms are given in Appendix A.
We have four areas of concern regarding the accuracy

of the expectation values. The first involves the adequacy
of the FHNC approximation for many-body contribu-
tions from central correlations. One measure of the error
in this approximation is the difference between PB and JF
evaluations of the kinetic energy. At p„ this difference
is 1 (0.1) MeV for nuclear (neutron) matter with the
AV14 plus UVII model, while at 4 p„ it is g (3) MeV.
We expect the correct result to be between the PB and JF
values, so the average of PB and JF evaluations reported
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Application of CBF perturbation theory

? CBF has been widely employed to study both structure and dynamics of
nuclear matter and nuclei: the available results (to be discussed in the
next lectures) include

. Dynamic response to scalar and electromagnetic interactions at low to
moderate momentum transfer (q ∼< 400 MeV)

. Green’s functions

. Electron and neutrino cross sections in the impulse approximation (IA)
regime (q ∼> 600 MeV)
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Summary of Lecture I

? In spite of the fact that no truly ab initio approach is available, a
consistent description of a variety of nuclear properties can be obtained
from approaches based on effective degrees of freedom and effective
interactions.

? Highly realistic nuclear hamiltonian can be derived from the analysis of
the properties of exactly solvable few-nucleon systems.

? The formalism of many-body theory has reached the degree of maturity
required for the treatment of nuclear structure and dynamics based on
realistic hamiltonian.

Omar Benhar (INFN and “Sapienza”, Roma) NuSTEC Training, FNAL October 23, 2014 22 / 22


